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ABSTRACT 

We study type IIA string theory compactified on Calabi-Yau fourfolds and heterotic 
string theory compactified on Calabi-Yau threefolds times a two-torus. We derive the 
resulting effective theories which have two space-time dimensions and preserve four su- 
percharges. The duality between such vacua is established at the level of the effective 
theory. For type IIA vacua with non-trivial Ramond-Ramond background fluxes a su- 
perpotential is generated. We show that for a specific choice of background fluxes and a 
fourfold which has the structure of a threefold fibred over a sphere the superpotential co- 
incides with the superpotential recently proposed by Taylor and Vafa in compactifications 
of type IIB string theory on a threefold. 
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1 Introduction 



Among the various string theory vacua those with four supercharges in D = 4 space- 
time dimensions are phenomenologically the most relevant ones. Such vacua have been 
intensively studied and in string perturbation theory they are constructed for example 
by compactification of the heterotic string on a Calabi-Yau threefold Y3 ]T||. Some of 
the non-perturbative properties of such vacua can be obtained from a dual F-theory 
compactification on an appropriate Calabi-Yau fourfold Y4 M. 

Sometimes the non-perturbative features of a given string vacuum simplify in lower 
dimensions as a consequence of a simpler dual description. For example the dual of the 
heterotic string compactified on Y3 x S 1 is given by M-theory compactified on Y4 while 
the dual of the heterotic string compactified on Y3 x T 2 is type IIA compactified on Y4 

E- 

In this paper we focus on string vacua in D = 2 with four supercharges, the heterotic 
string compactified on Y 3 x T 2 and the dual type IIA compactified on Y4. In the first 
part of the paper (section 2) we derive the low energy effective theories and establish 
the duality at the level of the effective theory. We display an explicit map between 
the heterotic variables and their dual type IIA counterparts. In the second part of the 
paper (section 3) we consider type IIA backgrounds where non-trivial RR-fluxes have 
been turned on. The specific case of a 4-form flux can be used to construct a consistent 
compactification if the Euler number of the fourfold is non- vanishing [[J. The presence 
of such fluxes leads to a non-trivial superpotential W and a supersymmetric vacuum is 
found only on a subspace of the moduli space [f4[, j5[, |6| |7| jS], p|, |10 . 



The superpotential receives two distinct contributions W and W |7], [J. W arises 
from wrapping Dp-branes on holomorphic p-cycles and depends on the deformations of 
the (complexified) Kahler class, i.e. the harmonic (1, l)-forms on Y4. W on the other 
hand is generated by wrapped ZM-branes on special Lagrangian cycles and thus depends 
on the deformations of the complex structure or the harmonic (1, 3)-forms on Y 4 . W 
receives quantum corrections on the worldsheet whereas W is determined by a classical 
computation. Mirror symmetry relates the two superpotentials and demands W-^Y^) = 
WiY^), where Y4 is the mirror fourfold of I4. 

In section 3.2 we show that for a particular class of fourfolds which have the structure 
of a Calabi-Yau threefold Y 3 fibred over a base Pi the superpotential is determined by the 
prepotential T of Y 3 if the background fluxes are suitably chosen and the Pi is taken to 
be large. Curiously this superpotential coincides with the superpotential derived in ref. 



11]. It arises in type II compactification on a Calabi-Yau threefold with non- vanishing 



fluxes studied in refs. [12, 13, O, KM. It also is very closely related to the BPS-mass 



formula studied in refs. [T5|, [HJ and the entropy of N = 2 extremal black holes studied 



in refs. [17, 1 



In section 3.3 we consider fourfolds which have the structure of a K3 manifold fibred 
over a (complex) two-dimensional Hirzebruch surface F n . In the limit of a large base F„ 
the superpotential is determined by the prepotential of K3 fibred threefolds in the large 
base limit. In this case the duality to heterotic vacua discussed in section 2.3 can be used 
to also determine the heterotic superpotential. 

Finally, some of the technical details are deferred to three appendices. 
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2 Heterotic — type IIA duality in D = 2 without su- 
perpotential 



2.1 Heterotic vacua in D = 2 

In this section we perform a Kaluza-Klein reduction of a generic D = 4, iV = 1 heterotic 
effective theory on a torus T 2 . This results in an effective theory in D = 2 with (2,2) 
super symmetry For the purpose of this paper it is sufficient to focus only on the vector 
multiplets and the chiral moduli multiplets in the D = 4 effective action and ignore all 
charged matter multiplets. The bosonic part of the effective Lagrangian in this case reads 



where m, n = 0, . . . , 3, $ 7 are the moduli fields and F^ n is the field strength of the gauge 
bosons A^, a = 1, . . . , dim(G). The f a b(§) are holomorphic functions of the moduli and 
the metric G^J is a Kahler metric with Kahler potential i^^($,<l>). At the string tree 
level and f ab are further constrained to obeyQ 

42(0, 0, S, S) = 7^2(0, 0) - \n[i(S - S)} , f ab = -tS6 ab , (2) 

where S is the heterotic dilaton and the denote all moduli except the dilaton.Q 

The next step is to perform a Kaluza-Klein reduction on a torus. The chiral multiplets 
survive the reduction unaltered and continue to contain a complex scalar field as bosonic 
component. The vectors on the other hand decompose according to 

A a n dx n = A a d( + A a d( + A^dx" , (3) 

where fi = 0, 1 and ( is the complex coordinate on the torus. The vectors A^ do not have 
any dynamical degrees of freedom and play the role of auxiliary fields. Thus the physical 
bosonic components of the vector multiplets in D = 2 consist of the complex scalars A a . 
These scalars transform in the adjoint representation of the gauge group G and thus their 
vacuum expectation values break G to its maximal Abelian subgroup f/(l) rank ^ G \ With a 
slight abuse of notation the index a from now on only takes the values a = 1, . . . , rank(G). 
On this Coulomb branch each vector occurs in the Lagrangian only via its Abelian field 



strength. In this case the field strength can be replaced by an auxiliary scalar field |I9 



and one ends up with the field content of a twisted chiral multiplet f20fl . This is one 
of the two different kinds of matter multiplets which can occur in D = 2 theories with 
(2, 2) supersymmetry, the other one being the chiral multiplet. We later use the fact that 
under certain conditions they are dual to each other. More precisely, if the Lagrangian 
is invariant under a Peccei-Quinn shift symmetry of a chiral multiplet one can perform 
a duality transformation replacing a chiral by a twisted chiral multiplet - and vice versa 



5 For the general case see appendix [b[ 

6 Contrary to the standard heterotic convention we choose to identify the dilaton with ImS in order 
to simplify the discussion in section 3. 
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Finally, we need to decompose the four- dimensional space-time metric. Instead of 
using the Einstein metric implicit in eq. (|l|) it turns out to be more convenient to work 
in the string frame metric and decompose it according to [] 



g mn dx m dx n = g$dx^dx u + b^dx^dx 1 + hijdx l dx j , i,j = 2, 3 , (4) 



where g^J and have no physical degrees of freedom. The real coordinates x 2 , x 3 are 
related to the complex ( of eq. (Q) via d( = dx 2 + rdx 3 where r is the complex structure 
modulus of the torus 

and h is the determinant of hy. 

We omit the details of the standard Kaluza-Klein compactification on the torus and 
only present the resulting two-dimensional effective Lagrangian 



^hct e 



-\d^a + f" r ^ r - h-%Vkd*VK - Gfjd^d^ 3 (6) 

I [T — T 4 J 



- i(r-f) _1 V/i ^/DV - r 1 (9„P + -(r - f ) 4 [n a - n ])/] 



where we defined 



2z 

The covariant derivatives of n a are given by 



^ k {S-S), n a = -i(r - f)A a . (7) 



D^rf = d^n a - (r - f )- 1 ^r(n a - n a ) 



and the scalar field P in the Lagrangian (||) is the dual of the axion ReS-Q Moreover we 
have chosen the conformal gauge for the D = 2 metric 



$ = eV<V • (9) 

Finally, the index I now denotes all moduli except the dilaton and G^j is the Kahler 
metric of the Kahler potential K^ t defined in eq. (||). 
Defining the complexified Kahler modulus as 

p = zv / ^+(r-f)-V(n a -n a )+2P (10) 

one verifies that the Lagrangian (0) can be written in the form 



^het e 



(11) 



7 The reason for taking the string-frame metric is that the variables which we get are exactly those we 
need in section [2.3| in order to establish the map to the type IIA variables in which the superpotential 
is naturally expressed. This will become clear in the following sections. 

8 More precisely we added the term d^Pe^d^ReS to the reduced action and eliminated ReS by its 
equation of motion. One can also verify that 2P is the B23 component of the D = 4 antisymmetric 
tensor in the compactified directions. 
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where the Z s denote Z s = ((f) 1 , r, p,n a ). The Z s are the proper Kahler coordinates in 
that in these coordinates G^s = d^d^K^ with 

*2 = k ^ ft - MK ~ n a f - (p - p)(r - f )]. (12) 

The form ([11]) of the Lagrangian explicitly shows that both <3>[^ t and a are unphysical 
degrees of freedom GT[ while p and r are propagating degrees of freedom. The four 



physical degrees of freedom in p and r are related to the four-dimensional graviton and 
the dilaton S. 

In this parameterization the modular group of the torus SL(2, Z) x SL(2, Z) acting 
on t and p as fractional linear transformation is manifest. The first SL(2, Z) acts as 

ar + b cn a n a n a fa b\ or , „ N , irA 

ct + a ct + a ct + a \ c a J 

and the action of the second SL(2, Z) is obtained by exchanging r and p. 

t and p both reside in vector or twisted chiral multiplets since in the reduction 
procedure they come along with the Kaluza-Klein vectors.^] From eq. (0) we learn 
that the moduli space factorizes into chiral multiplets 7 and twisted chiral multiplets 
(r, p, n a ) which span the coset space SO(2, 2 + r)/ SO(2) x SO(2 + r) where r = rank(G). 
In this case the two-dimensional (2, 2) supersymmetric cx-model is known to be Kahler 
|[20|| , where the Kahler potential is a sum of two terms, one depending on the chiral 
multiplets and one depending on the twisted chiral multiplets. However, in more general 
situations the metric is not Kahler but nevertheless the Lagrangian can be expressed in 
terms of real functions similar to the Kahler potential. This situation occurs if one goes 
beyond the tree level approximation and includes string loop corrections. Some results 
about the general case are presented in appendix 0. For completeness this appendix also 
contains a different derivation of the D = 2 effective theory by compactifying the D = 3 



Lagrangian given in ref. [22| on a circle. 



2.2 Type IIA theory on Calabi-Yau fourfolds 

In this section we discuss the Kaluza-Klein reduction of type IIA on Calabi-Yau fourfolds. 
The starting point is the low energy effective action in D = 10 in the string-frame 

_I J d ™ x (j F2 |2 + |^ _ i J B2 A Fa a Fa ; (14) 

where is the ten-dimensional dilaton, H 3 = dB 2 is the field strength of the antisym- 
metric tensor B 2 and F 2 = dC\ the field strength of the RR vector C\. F± — dC 3 is the 
field strength of the RR 3-form C3 and we use the abbreviation F 4 = F 4 — C\ A if 3. For 
further conventions on the notation see appendix 0. 

9 The modulus p is the dual of the chiral field S and therefore twisted chiral. A further argument 
that t is indeed part of a twisted chiral multiplet is given in appendix H. 
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In eq. (|i~4]) only the leading terms of Sff} are displayed and higher derivative couplings 
are suppressed. In particular the term proportional to J B 2 A X 8 , X 8 ~ 4tri? 4 — (tr_R 2 ) 2 
imposes a consistency condition on the compactification [^]. The absence of a I?2-tadpole 
requires 

*s = h = n + -L f F 4 AF 4 , (15) 



y 4 24 8vr- JYi 

where n is the number of space-time filling strings. In this section we focus on the case 
X = n = F4 = and return to the case of non-trivial F 4 in section 3. 

The spectrum of the D = 2 theory is determined by the deformations of the Calabi- 
Yau metric and the expansion of C\, B 2 and C3 in terms of the non-trivial forms of I4. The 
deformations of the metric comprise ft 1 ' 1 real Kahler deformations M A , A = 1, . . . , ft, 1,1 
and ft 1,3 complex deformations Z a , a — 1, . . . , ft 1,3 of the complex structure. Since vectors 
contain no physical degree of freedom in D = 2 and since there are no 1-forms on Y4 
the 1-form C% does not contribute any massless mode in D = 2. B 2 leads to ft 1 ' 1 real 
scalar fields a while C3 contributes ft 1 ' 2 complex scalars N 1 , 1 = 1,..., ft 1,2 . The (1,1)- 
moduli reside in twisted chiral multiplets^] while all other scalars are members of chiral 
multiplets. 

For simplicity let us discuss here only the case where the (2, l)-moduli are frozen 
to some fixed value and postpone the discussion of the general case to appendix [C]. 
Compactification of the action ( ]1~4| ) results in 



C?h = V 71 ^ e- 2 *"A Qi?( 2 ) + 2d^{d^{ - G AB d,t A dH B - G^Z^Z^j , 

(16) 

where the following definitions have been used 



t A = —=(a A + iM A ] 



Gab = 7W, I e A A-ke B = -d A d s In V 
'y 4 



2V 



jy $ Q A $^ 



n An 

Y 4 



(17) 



e A denotes a basis for the (l,l)-forms of Y4, $ Q a basis for its (3,l)-forms and Q is its 
unique (4,0)-form. V is the volume of the fourfold which can be expressed in terms of 
the Kahler form J = M A e A as 

V = j I JAJAJAJ = ^ d ABCD (t A - i A )(t B - i B )(t c - i c )(t D - t D ) , (18) 

where d AB cD are the classical intersection numbers d AB cD = f Y e A A e B A ec A en . 

10 Strictly speaking these multiplets are vector multiplets containing in addition the vectors arising 
from expanding the 3-form in terms of the (l,l)-forms of I4. But as noted in the last section, a vector 
multiplet is related to a twisted chiral multiplet, differing only in the auxiliary field content. 
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As in the heterotic case the moduli space factorizes into chiral and twisted chiral 
multiplets, i.e. it is Kahler although both kinds of multiplets occur. The Kahler potential 
can be read off from (|TTD and is given by 

Kf IA = - In ( f n A O) - In V . (19) 
Jy 4 

If (2,l)-moduli arising from C3 are taken into account the metric ceases to be Kahler 
but still can be expressed in terms of a real function. This situation is discussed in 
appendix 

Mirror symmetry is believed to be a property of all Calabi-Yau manifolds and for 
fourfolds it exchanges (1,1)- and (l,3)-forms |23|, f|, |2^| . As it stands the Kahler po- 



tential (|19D does not share this symmetry due to the fact that the derivation used the 
supergravity approximation which is only valid if the size of the manifold is large com- 
pared to the string length (i.e. in the large radius approximation). For 'small' fourfolds 
worldsheet instantons correct the Kahler potential of the (1, l)-moduli and are believed 
to render (K% mirror symmetric. 



2.3 Heterotic - type HA duality in D=2 

In order to establish the duality relationship between the heterotic and type IIA variables 
we specify the compact ification manifolds. The Calabi-Yau fourfold is taken to be a K3- 
fibration over a large Hirzebruch surface F n with n even while the Calabi-Yau threefold 
on the heterotic side is an elliptic fibration over the same base. In the large base limit 
the type IIA Kahler potential simplifies as |22| 



Kf IA = - In V -> - In [(t u - i u ){t v - i v ) m {? - f ) (V - P)} , (20) 

where t u and t v are the moduli of the base while the t % denote the moduli of the fT3-fibre 
except those from reducible bad fibres, rj is the intersection matrix of K3 




n,j = J 1/2 ^ I (2D 



On the heterotic side the Kahler potential ( |T2"D becomes in the large base limit 

*2 = - ln W -U)(V-V)((r- f)(p -p)- (n a - n a n , (22) 



where U and V are the two base moduli. Comparing (|20D and ( P2|) it is tempting to 
equate the two expressions. However, this would map the twisted chiral superfields t u 
and t v to chiral superfields U and V. Hence one has to first perform an additional 



11 The same appendix also presents a different derivation of the D — 2 effective theory where an S 1 
reduction of the three-dimensional effective theory of ref. [^2| obtained as compactification of D = 11 
supergravity on Calabi-Yau fourfolds Y4 is performed. In this case all scalar fields appear naturally as 
members of chiral multiplets and as a consequence the metric in these coordinates is always Kahler. The 
Kahler potential of the D = 2 effective theory coincides with the Kahler potential of the D = 3 effective 
theory. 
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duality transformation on the base moduli U, V so that all heterotic variables are twisted 
chiral like their type IIA counterparts. This is possible in the large base limit by defining 
d(j = —e^dfjReU and c v = —e^d^ReV and add the Lagrange multipliers Pjj, Py via 
—c^jd^Pu — Cyd^Py to the action. Using the equations of motion to eliminate c£) and c v , 
defining the coordinates 

u = 2P v + i e-H^Imf/)- 1 , v = 2P V + i e'^ilmV)- 1 (23) 

and redefining the D = 2 metric 

g f) = e a e 4 * l *hmUImVr}^ (24) 

one derives the following form of the Kahler potential 

*2 = - H(u -«)(«- «)((r -f){p-p)- (n a - n a f)}. (25) 

In this form all the coordinates belong to twisted chiral multiplets. Hence the duality 
map relates^ 

{t} <-> {r,p } n a }, 
{t U ,t v } <- {u,v}. (26) 

As we discussed in section 2.1 the heterotic theory has an 5X(2,Z) x SL(2,Z) sym- 
metry fll~3|) which is just the modular symmetry of the torus. From the map (|26|) one 
learns that in the type IIA theory this symmetry has to be a property of if3-fibred 
fourfolds in the large base limit. This is precisely the same situation one encounters in 
the four-dimensional duality relating type IIA compactified on f^3-fibred threefolds to 
heterotic vacua compactified on K3 x T 2 [EZ5" . 



A similar analysis was performed in D = 3 in ref. ||22|| . As mentioned in the previous 
sections one can derive the two-dimensional effective actions via the detour over D = 3. 
In this case the scalars are members of chiral multiplets only and therefore parameterize 
a Kahler manifold with the same Kahler potential as in D = 3. Thus the map derived 
in [2^| in the corresponding coordinates continues to hold in D = 2. However, for the 
purpose of this paper the map (p6|) turns out to be more useful. For further details we 
refer the reader to appendix C. 



3 Type IIA string with background fluxes 
3.1 The superpotential in IIA 

In this section we consider compactifications of type IIA string theory on Calabi-Yau 
fourfolds in a background where non-trivial RR-fluxes have been turned on and simul- 
taneously all (1,2) moduli have been frozen. In refs. ]7|, |9| it was shown that the low 



12 The fact that it is really u and v which should be mapped to t and t can heuristically be 
iderstood from the duality in D = 6 fibred over a four-dimensional base manifold B. It yields Vg A = 
-4*S V | ct = e- 2 *l 6 ie- 2 *£i and similarly V^ ct = e^nie" 2 *"! = e 2*£l e -»&, where all volumes 



are those of the base measured in the corresponding string-frame metric. Using (C.27) one verifies 
immediately V^ A = (V^e 4 *^)- 1 . 
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energy effective theory can be described by a (2, 2)-supersymmetric Lagrangian with a 
non-trivial potential which depends on the background fluxes. The potential V is derived 



from two superpotentials W and W [pJJ 



V ~ e K ^ (g- ia ^D a WD b W + G- la ^D a WDpW - \W\ 2 - \W\ 2 ^ , (27) 

where W depends on the chiral complex structure scalars Z a and W on the twisted chiral 
Kahler scalars t A . The Kahler covariant derivatives are defined as 

D A W = d A W + Wd A Kf) A , D a W = d a W + Wd a K® A . (28) 

Since D-branes are the magnetic sources of RR-fluxes the generation of the super- 
potentials can also be understood from wrapping the D-branes in the IIA theory on 
super symmetric cycles. More specifically, wrapping a D4-brane on a four- dimensional 
special Lagrangian cycle generates the superpotential |7], 



W = ^ / OAF 4 , (29) 



2tt 



where Fa denotes the RR 4-form flux. 



A second superpotential is generated by wrapping Dp-branes, p = 0,2,4,6,8, on 
holomorphic cycles G H p (Y 4: , Z) with the same real dimension p 0, ^ 

W d = — I (t A t A t A t F + t A t A t A F 2 + t A t A F 4 + t A F 6 + F s ) , (30) 
2tt Jy 4 

where t = t A e A and ^ G H p (Ya, Z) is the RR p-form flux which is Poincare dual to the 
(8 - p)-cycle C (8 ~'^ eH 8 _ p (Y 4 , Z) (for p = 4 see the last footnote). Q 

The effective theory has (2, 2) supersymmetry in a Minkowskian background if 

D A W\ min = D a W\ min = W\ min = W\ min = (31) 

holds. Depending on the background fluxes this puts a severe constraint on the moduli 
space and for some fluxes no supersymmetric vacuum exists at all. For example, for the 
W of eq. (p9|) the supersymmetry condition ([H]) implies 



Ff A) = = if< 3) , (32) 

where the last equation arises from the fact that d a Q takes values in if 4 ' and in H 3,1 . 
Since the Hodge decomposition of H 4 depends on the complex structure, eq. (|32|) is 
a strong constraint on the moduli space of the complex structure. It leaves only the 



13 As argued in the change of the superpotential when crossing the brane in the two-dimensional 
space-time is equal to the volume of the four-cycle S #4(14, Z) wrapped by the D4-brane: AW = 
f cW fl = ± Jy 4 fl A AF 4 . The change of the 4-form flux ^ G H 4 (Y 4 ,Z) is Poincare dual to the 

four-cycle . Note that ^ itself does in general not take values in H 4 (Y4,Z) but — 2i, where pi 
is the first Pontryagin class j^7| . 

14 It should be possible to derive W, W also from a KK-reduction as outlined in the previous section 
where appropriate fluxes have been turned on 110, p8|. 
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subspace of complex structure deformations which respect fl32|) as the physical moduli 
space. 

The superpotential W receives quantum corrections on the worldsheet while W is 
exact. Mirror symmetry demands that once all quantum corrections are properly taken 
into account the two superpotentials should obey |3(], ||, |9[] 

W(Y 4 ) = W c i(Y 4 ) + quantum corrections = W(Y 4 ) , (33) 

where Y 4 is the mirror fourfold of I4. The quantum corrections can be derived by com- 
puting W on the mirror manifold and performing the mirror map. This is of interest 
since in the dual heterotic vacuum the (1, l)-scalars correspond to the heterotic variables 
{r,p,n a } (c.f. (|26|)) which are related to the four-dimensional heterotic dilaton. Thus 
the quantum corrected Vt^Y^) possibly encodes non-trivial information about space-time 
quantum corrections of four- dimensional heterotic vacua. As we will see the superpo- 
tential evaluated in the large base limit of i^3-fibred fourfolds which are simultaneously 
13-fibred is determined by the prepotential JF of Y 3 if the background values for F p are 
suitably chosen. 



3.2 The superpotential for threefold- fibred fourfolds 



Let us first introduce the notion of the vertical primary subspace p3| , ||. This is the 



subspace of ®f. =0 H^ k ' k ^ (Yd) obtained by taking all wedge products of the (1, l)-forms. 
The horizontal primary subspace of ® d k=Q H^ d - k ^(Y d ) can be obtained from the vertical 
primary subspace of the mirror manifold via mirror symmetry |], |24j .0 Let us consider 
the class of fourfolds which are Y 3 - fibred over a base P 1 [|J. Assuming the absence of 
reducible bad fibres in this Y-j-fibration the vertical primary subspace can be obtained 
by taking the wedge product of the elements of the vertical primary subspace of Y 3 with 
the zero- or (1, l)-forms on the P 1 base. This leads to the following Hodge numbers of 
the vertical primary subspace of Y 4 

fc(°.°)(y 4 ) = 1 = h^ 4 \Y 4 ), 

h^\Y A ) = h^(Y 3 )+l = /i (3 ' 3) (F 4 ) , (34) 
hp 2) (Y A ) = 2h^\Y 3 ). 

Except for h v ' the Hodge numbers of the vertical primary subspace coincide with those 
of the full vertical cohomology. In the following we also use the formulation of the 
vertical primary subspace in terms of the dual homology. In the homology the vertical 
primary subspace is obtained by joining the even-dimensional cycles of Y 3 with the zero- 
or two-cycles of the base P 1 . 

Mirror symmetry implies the following relations for the Hodge numbers of the hori- 
zontal primary subspace of F 4 

h^\Y 4 ) = h^(Y 4 ), h^°\Y 4 ) = h^°\Y 4 ), (35) 

h^\Y 4 ) = h^\Y A ), h i2 /\Y 4 ) = h^ 2 \Y 4 ). 



15 The horizontal primary subspace is generated by successive derivatives of the holomorphic (d, 0)-form 
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The members of the vertical respectively the horizontal primary cohomology are ob- 
servables in the A- respectively B-model. The A- and the B-model are two topological 
sigma-models with the Calabi-Yau manifold I4 as a target space, which are obtained 
by twisting the worldsheet sigma-model in two different ways Hffil - The observables and 
correlation functions of the A-model on Y4 are related via mirror symmetry to those of 
the B-model on Ya and vice versa. 



3.2.1 Computation of W{%) and W{Y A ) 

Our goal is to compute ^(Yi) in the large base limit using mirror symmetry and eqs. 
(j33|) and (|29|). This is possible if we choose the background fluxes F p on Ya to lie in 
the vertical primary subspace. These fluxes are mapped to elements of the horizontal 
primary subspace on the mirror manifold Ya. The dimension /i^(y 4 ) of the horizontal 
primary subspace is given by 

h% = 2h^ (y 4 ) + 2h^ (y 4 ) + h%' 2) (y 4 ) = 4(/ i (1 ' 1) (y 3 ) + 1) ■ (36) 

Let us denote a basis for the horizontal primary homology of Y\ by (A 1 , Aj, B 1 , Bj), 
where I = 0, . . . , hP~' 1 '(Y3). The (A T ,Aj) are those homology cycles that correspond 
via mirror symmetry to the elements of the vertical primary subspace of y 4 which are 
obtained by joining the even-dimensional cycles of the threefold-fibre with the zero-cycle 
of the base. Analogously, (B 1 , Bj) are the cycles which are related to the elements of 
the vertical primary subspace which are obtained by joining the even-dimensional cycles 
of the threefold with the two-cycle of the base M. As noted in ||] in the large base 
limit at leading order the cycles (A 1 , Ai) all have vanishing intersections with each other 
and the same is true for the (B 1 , Bj) cycles. The only non-vanishing intersections are 
between A-cycles and S-cycles and the intersection form is given by that of the y 3 -fibre. 
For a certain choice of cycles and in terms of the Poincare dual forms (a 1 , aj, b 1 , bj) this 
amounts to 

/ a 1 Abj = 5] = - I ajAb 1 (37) 

with all other intersection pairings vanishing. 

In order to evaluate the superpotential W(l4) using eq. (p9|) we expand the 4-form 
flux on y 4 in this basis 

Fa 

— = /j, 1 a 1 - tfaj + vjb 1 - tfbi, jl 1 , Ui, v 1 ) e Z . (38) 

Z7T 

(We denote it by F 4 in order to distinguish it from the 4-form flux on y 4 .) The fluxes 
are not all independent but have to obey the consistency condition (|I5D . This implies 

l- x (Y 4 )=n + (u I fM I -fiju 1 ) . (39) 

Inserting (|38|) into (^9]) we arrive at 

W =ni I Q - j Q + vi j Q, - V 1 I Q . (40) 

J A 1 J Ai J B 1 J Bi 
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In order to evaluate the period integrals J Q on Y 4 one has to note that they are mapped 
via mirror symmetry to the periods on Y4, which give to leading order in the large volume 
limit and in special coordinates the classical volumes of the corresponding cycles. These 
leading terms in general get quantum corrections. In the large base limit the corrections 
from the base are suppressed and the quantum corrections only arise from the threefold 
fibre. Thus the periods on the fourfold are given by those of the threefold, multiplied 
by the classical volume t v of the base for those cycles which contain the base More 
specifically one has0 

f Q = (l,f) + 0{e itV ) , / n = t v (l,f)+ 0((t v )°) + 0(e uV ) , (41) 

J Aj JBi 

it v \ / n 4-V 1 nr nr\ < /n(uV\0\ , /n/Jfi 



Q = (T h T ) + O(e«') , / {l = t v (T t ,T ) + 0({t v f) + 0{e l 

Aj JBi 

where i = 1, . . . , ftA 1 ' 1 ^!^). The vector II = (1, t\ Ti, To) corresponds to the periods of 
the threefold with T = dpT and To = 2T — t % Ti. The N = 2 prepotential is given by 



= ^poi-7^E^R } ^3(e 27r ^^) , (42) 

(27r) w 



where 



1 1 i 

T P oi = -d i3k tHH k + bfi + -c , Lt 3 {x) = J2^3- ( 43 ) 
b Z j=i 3 

The dijk are the classical intersection numbers of the threefold and the coefficients 6,,c 
are given in |S3|]. The di are the instanton numbers of the z-th (1, l)-form, di = J c et, 
while n^i} is the number of isolated holomorphic curves C of multi-degree (c?i, . . . , d h {i,v>) 
in the threefold fibre and the sum over j takes into account multiple coverings. 

Inserting (ffl]) into ( ^0| ) and assuming that the /// and fx 1 are large so that the 0((t v ) ) 



term can be neglected we arrive at 

W(Y 4 ) =(jlo + fat 1 - tfTi - fi T + v t v + vitH v - v l T l t v - u°T t v . (44) 

For future reference let us recall that the same period integrals ([41)) have been used in 
H to derive the Kahler potential in the large base limit to be 

Kf} A = -Hf n A O] = - In \{t v - i v )(2(T -f)- (f - f )(Ti + Ti))} . (45) 
Jy 4 

W can be written in a more suggestive way by expressing it not in terms of special 
coordinates t % but rather in terms of the homogeneous coordinates X 1 [p3 |. These coor- 
dinates are commonly used in iV = 2 supergravity and are holomorphic functions of the 
special coordinates X 1 ^ 1 ). Furthermore, one has a prepotential F(X) which is a homo- 
geneous function of the X 1 of degree two. The special coordinates are just the particular 

16 We thank P. Mayr for a clarifying discussion concerning the period integrals. 
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coordinate choice t° = X°/X° = l,f = XyX ,^) = (X )~ 2 F(X). In homogeneous 
coordinates the periods of the threefold are 

Il=(X I ,F I )=X (l,f,F t ,F ) , (46) 

while the Kahler potential reads 

K?) A = - In \(t v - t v ) (X'Fj - X'Fj)} . (47) 

This coincides with the Kahler potential given in (fi5f) up to a Kahler transformation that 
amounts to a different normalization of the (4, 0)-form Q. Inserting (||]) into ([0]) finally 
yields 

W{Y A ) = onX 1 - fi 1 F I , (48) 

where we abbreviated aj = fj,j + t v Vi, [3 1 = jl 1 + t l ' v 1 and discarded an X°-f actor by the 
same Kahler transformation. 



Curiously the superpotential fl48]) coincides with the superpotential derived in ref. | I 
It arises in type IIB compactifications on a Calabi-Yau threefold with non-vanishing RR- 
and NS 3-form fluxes studied in refs. [IT], p~4|| . In this case the type IIB dilaton plays 
the role of t v in (EST). It also is very closely related to the BPS-mass formula studied 



in refs. |T5| , |i~6f and the entropy formula of iV = 2 black holes |I7 |. This fortunate 
coincidence saves us from a detailed analysis of the supersymmetric minima of (|48"|) and 
we can simply refer the reader to refs. |13], [11], [TJ|, [lj|. One finds that for generic 



fluxes no supersymmetric vacuum exists. However, if the aj,(3 J are appropriately chosen 
supersymmetric ground states can exists. This can happen if the fluxes are aligned 
with cycles of the threefold which can degenerate at specific points in the moduli space 
|T2l , |T3|, [XT], [TJ|, [53J]. These points (or subspaces) then correspond to supersymmetric 
ground states. They also coincide with the supersymmetric attractor points studied in 
refs. [O. Note that in ref. [IT] the consistency of the compactification required vifi 1 — 



\iiv = while in our case this is replaced with the generalized condition given in eq. 



Before we evaluate W-^Fzi) let us briefly discuss the symmetry properties of W-^Yi) as 
obtained in eq. (0). In homogeneous coordinates the period vector II transforms as a 
symplectic vector according to 



Fj \ ( A B\( Fj \ A B 

X 1 ) ~* \ C D ) \ X 1 ) ' I C D 



e Sp(2^ 1 - 1 ) +2,Z) . (49) 



This transformation leaves the symplectic product {X T Fi — X 1 Fi) invariant and via eq. 
([17]) also the Kahler potential (in homogeneous coordinates). The fact that (Fj,X ! ) 
transform as a symplectic vector implies that also [a^a 1 ) and (b^b 1 ) transform accord- 
ing to (ff9|). Indeed one verifies that the intersection matrix given in (|37| ) is left invariant 
if (di, a 1 ) as well as (&/, b 1 ) transform as symplectic vectors. Since F4 has to be symplec- 
tically invariant one infers from (|3^) that in turn the fluxes (fii,/! 1 ) and (z//, v 1 ) have to 
transform as symplectic vectors, i.e. according to (^). Since t is invariant we conclude 
that (a/,/3 7 ) form a symplectic vector and W of (E8|) is invariant. 



Having derived the expression (44) for H^Yi) we can use eq. (p3|) to determine the 



quantum corrections of iy(y 4 ). By matching the classical terms of W^Y^) as given in eq. 
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) with the classical part of ( f44|) using (|42"D, ( f43|) one is led to the identification 



— z/°jF t y = — / tAtAtAtF + quantum corrections , (50) 
2vr h A 



'y 4 

-^T Q -v i T l t v = ^-\ t At At AF 2 + q.c. , (51) 

'y 4 



2tt 



i/it* t y - /i^ = — / t At A F 4 + q.c. , (52) 



2tt 



^ t y + = it I tAF ^ ( 53 ) 



2tt 



>4 



// = — / F 8 = const. . (54) 
The right hand sides of (51) are two- and one-point functions in the topological 



A-model and therefore do not receive instanton corrections |35|]. From eq. ([52]) using 
(ff2|), d^5| ) we learn that the term including jFj has a polynomial piece and instanton 
corrections while the second term Vit l t v is purely classical. This can also be understood 
by considering the corresponding correlation functions in the A-model. Let us now go 
through this computation in more detail. 

3.2.2 The superpotential W generated by 4-form flux 

We denote the observables of the A-model by e H^ k ' kS) (Yd), where the index takes 
the values M — 1, . . . , hy ' k \Yd). The two-point functions 

,(*) _ //n(*)flM)\ _ f rn( k ) a rn( d ~ k ) 



riSlN = mOT*') = / A 0^ K > (55) 

J Yd 

get no instanton contributions and define a flat metric on the vertical primary cohomology 
]3"5| Q On the other hand the three-point functions 

Y$L = (O^O^O^), (56) 

do receive instanton corrections. Because of their factorization properties all other am- 
plitudes can be expressed in terms of the two- and three-point functions Vmn^klm 



Choosing the 4-form flux as 

h 2 ' 2 

| = £ A"0<? , (57) 

JV=1 

ref. [f| proposed the following formula 

d t Ad tB W(Y 4 ) = X N (0^ ) ( i ) 0P) . (58) 

N 

17 Note that this metric is not the Zamolodchikov metric G A g = dAd§K which does receive quantum 
corrections as can be seen from eq. Jis|). 
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In the following we evaluate this three-point function for a threefold-fibred fourfold in 
the large base limit and show that ( [58[) is consistent with d52|) . 

Let us first consider the part of _F 4 which has one component in the base 

£ = XN °n= E A^VAe,, (59) 

N=l i=l 

where is large. In the large base limit, there are no instanton corrections from the 
base so that according to the classical intersection numbers ey occurs at most once in any 
correlation function. The divisor which is dual to ey is the threefold-fibre and projects 
the amplitude of the fourfold to the threefold. In particular, for the three-point function 
with the 4-form flux as in (59), the three-point function on the fourfold is projected to 
the three-point function on the threefold H 



d t >d P W(Yd = £ X N (0^0^0^) Y4 = £ X Vk (Ol 1] 0^0^) Y3 = (60) 



lv V'JVV J VV 2 '\. V" \» '■7/-o lJL Vo' JL Vo lll \ 

N k k 

where 

Off = ey A e k , 0$ = e k . (61) 

In special coordinates the three-point function on Y 3 is the third derivative of a 
holomorphic prepotential 



Yijk — F ijk, F ijk — dfidtjdtkJ 7 . (62) 



Inserting (p2|) in eq. (|60f) we learn that d t idp-W(Y^) can be integrated and indeed coincides 
with the instanton corrected part of the expression fl5"2"|). 



In order to get the full superpotential, we still have to consider the part with the 
4-form flux restricted to the threefold fibre, i.e. 

1=1 

We have to distinguish two cases. First we consider the three-point function which 
contains one observable corresponding to the base. In this case the three-point 
function of the fourfold is projected to the two-point function of the threefold fibre: 

d t vd v w{Y 4 ) = \\o$of>o?>) YA = x^ofof^y, = \* v $>. (64) 

As already mentioned above, two-point functions receive no worldsheet instanton correc- 
tions and the classical part of the amplitude is already the exact expression. Integrating 
twice we obtain the term in (|52|) which does not contain instanton corrections. 

Finally, the contribution to the superpotential which has no component in the base 
is subleading in the limit where X Vl and t v are large. To summarize, we confirmed 
the expression given in eq. (|52"1) by considering correlation functions in the topological 
A-model, that is without using mirror symmetry. Altogether we thus have 

W{Y A ) = X k V $tH v + X Vk T k , (65) 
with the relations X k m 1 k ' = Uj, X Vk = —ji k . 
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3.3 The superpotential for K 3- fibred fourfolds 



In this section we further specify to .O-fibred fourfolds so that we are able to use the 
type IIA - heterotic duality and derive the heterotic superpotential including the type 
IIA quantum corrections. Specifically we choose the fourfold to be i^3-fibred over a large 
base F n as we did in section Such fourfolds can also be viewed as Y 3 fibred fourfolds 
over a base Pi where the Y^-fibre is itself f^3-fibred over a second Pi. This allows us to 
make contact with the results of the last section and merely specify them for i^3-fibred 
threefolds. 

The case of i^3-fibred threefolds has been studied in detail in connection with the 
heterotic - type IIA duality for iV = 2, D = 4 string vacua [25]. For such threefolds the 
prepotential T obeys in the large Pi limit 

T = t u rj t3 tH 3 + (t\ V) + 0(e itU ) , (66) 

where t u is the modulus parameterizing the Pi base while the t l denote the moduli of 
the i^3-fibre except those from reducible bad fibres, (t/jj has been defined in (^If).) 

Inserting (|66| ) into ( f44"| ) one obtains the superpotential for i^3-fibred fourfolds in the 
large F n limit. If one assumes that the duality map given in (|26| ) continues to hold 



in the presence of background fluxes one can use it to derive a heterotic superpoten- 
tial Wh et (r, p,n a ,u,v). However, this might be possible only for a subset of the fluxes 
considered so far [RBI. 



As we discussed in section 2.3 both the heterotic vacua and the dual type IIA vacua 
enjoy a natural action of the symmetry group SL(2, Z) x SL(2, Z). This is a subgroup 
of the symplectic Sp{2h <yl,lS} + 2) symmetry group which we discussed in section p. 2.1 



More concretely the transformation ([13]) acts as a specific symplectic transformation 
(]49|) on the homogeneous coordinates corresponding to (p,T,n a ,u) respectively t l , which 
in the large base limit leaves u and t u invariant [|37[] . From the discussion of section 
|3.2.1| it is clear that the SL(2, Z) x SL(2, Z) transformations leave both the Kahler 
potential and the superpotential invariant if they are expressed in terms of homogeneous 
coordinates. In special coordinates the SL(2, Z) x SL(2, Z) transformations instead lead 
to a Kahler transformation of the Kahler- and the superpotential which also leaves the 
action invariant. 

Finally we remark that the heterotic origin of some of the background fluxes F 2 and 
F4 might be understood from the duality between the heterotic string on T 4 and the type 
IIA theory on K3, as was first noted in jl^]. For example, denoting by eu/v the two 
(1, l)-forms stemming from the base F n and by e% those of the fibre K3, a background 
F A ~ A u / Vl eu/v Aej can be interpreted as giving a background flux along eu/v to the field 
strength of the D = 6 vectors coming from expanding A 3 in terms of the e?. These vectors 
have heterotic counterparts A 1 according to the D = 6 duality. Expanding their field 
strength as F\ ~ \ u ' Vl, eu/v should correspond to the above background F 4 . A similar 
situation holds for F 4 ~ \ uv eu A ey and F 2 ~ \ u ' v eu/Vi but there seems to be no such 
simple heterotic correspondence for all other background fluxes. Some of them might be 
related to non- vanishing torsion on the heterotic side ||. 
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Appendix 



A Notation 

The signature of the space-time metric is ( — h . . .+). The Levi-Civita symbol is defined 
to transform as a tensor, i.e. we have 



e l-D = (± ^))-l/2 and €l D = ±(±^))V 2 ) (A.l) 

where the + sign corresponds to Euclidean and the — sign to Minkowskian signature. 
Our conventions for the Riemann curvature tensor are 

rl 1 - ^ f — f) -i-v w — v w ( a ?\ 

±L vpa W P L va "^o"- 1 - up ~ x ua 1 iop x up 1 - uicr 1 V^'^J 

where we use the following definition of the Christoffel symbols: 

K P = \gT{d v g ap + d p g m - d a g up ) . (A.3) 
The Ricci tensor is defined as 

Rpu = R p ppu ■ (A.4) 
We are thus using the (+++) conventions of pSfl . 
Furthermore a p-form A p can be expanded as 

A p = -A^.^dx^ A ... A dx^ , (A.5) 

which has an obvious generalisation to (p, g)-forms: 

Ap ' q = ^^-vi-^^ 1 A • • • A d ^ P A A . . . A . (A.6) 
The exterior derivative is defined as 

dA p = —d^A^.^dx^ A dx^ 1 A ... A dx^ p , (A. 7) 

which entails because of 

F p+1 = dA p = -^—F lil ... IXp+1 dx til A ... A dx^ +1 (A.8) 
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the relation 

= (p + l)d [ , 1 A, 2 ..., p+l] . (A.9) 
With this definition the action for a p-form potential A p is given by 



(A.io) 



The Hodge star operator for a p-form is defined as 



1 

p\(D~-p)Y 



*A> = A ... A tfe" . (A.ll) 



It is generalised to (p, g)-forms on a Hermitian manifold (where D now denotes its complex 
dimension) by 

(_1)P-P)<?+1/2£>(D-1)^D _ 

p ' 9 p!g!(£> -p)!(Z> - g)! /ltl - l « tl - l p J 9 +i-^ fc 

xd^ +1 A ... A d£ jD A d^ q+1 A ... A dp 3 , (A. 12) 



where A^...* ^...^ = A^...* ^...j . This definition ensures that we have the following ex- 
pression for the scalar product of two (p, g)-forms on a Hermitian manifold: 



(Ap g, Bp — /" Ap q A ~kBp q 

/ iU/2fl(D-l)-D /■ 

= 1 J , , jV^i^.. if ^.i 4 ^^"-^W. (A.13) 

B T 2 compactification of 1} = 4 supergravity 

In this appendix we give some details of the T 2 reduction of the D = 4, N = 1 supergrav- 
ity given in equation ([|). As already mentioned in the main text there are two equivalent 
ways to derive the effective action in D = 2. One can either directly compactify the 
D = 4 action on a torus. This leads naturally to the variables relevant for the purpose of 
this paper. One can also perform the reduction in two steps with the detour over D = 3. 
For completeness we give this derivation too. In this case one can make use of the results 
given in [^2| . 

Let us first perform the direct torus-reduction. In contrast to the main text we here 
work in the Einstein-frame because this is easier to handle in the general case where one 
does not specify the Kahler potential and gauge kinetic function to their tree level form. 
Inserting (f|) and (|J) (but now in the Einstein-frame) into (|l|), using the definitions @, 
(0) and (|8|) one derives the following D = 2 effective Lagrangian 

42 = ^(-^a + ^^-Gf> M $W") (B.l) 
1 URef ab )D,n a D»n h - V(«y m / a6 ) (n a D u n b - n a D v n b )\ , 



- T - T 



17 



where h(E) denotes the determinant of the torus metric in the Einstein-frame and we 
have chosen the conformal gauge for the two-dimensional space-time metric 

As in equation ([I]) the & are all moduli of the D = 4 Lagrangian including the dilaton 
S. Furthermore we have omitted all vectors because they do not have dynamical degrees 
of freedom in D = 2. 



As has been shown in |20 the moduli space of non-linear (2, 2) sigma-models in 
D = 2 is in general not Kahler, when chiral and twisted chiral multiplets are present. 
Nevertheless the Lagrangian can be expressed by second-order partial derivatives of a 
real function of the moduli, analogous to the Kahler potential of a Kahler manifold. In 



case of dilaton-supergravity the general form of the Lagrangian has been given in |26| . In 
our case takes the role of the D = 2 dilaton.^ The Lagrangian ( |B.1|) is the sum 

of two terms, one multiplied by ^^/h(E), the other one not. Both terms can seperately be 
expressed via a potential. 

Defining the two real functions 

K het = ^(4)( $) $) +ln(-z(r -f)), (B.3) 

= l ~(R e f ab (<S>))[( T -f)-\n a -n a )(n b -n b )] (B.4) 



and denoting collectively (r, n a ) as x S we can express (|B.1|) in the form 



4 2 et = ^/^(-^^a-ova^ 

+ (d x ,B^K^)d flX ^x A (B.5) 
This is of the form given in pO, pEfl. Obviously the moduli space is not Kahler. As 



explained in p0[ the terms proportional to e^ u always combine a derivative with respect 
to a chiral field with a derivative with respect to a twisted chiral field. The & stem from 
the chiral D = 4 moduli and continue to be chiral in D = 2. In view of the last line in 
( |B.5p this means that (r, n a ) reside in twisted chiral multiplets. 

In the alternative derivation of the D = 2 effective action one reduces the D = 3 



effective action obtained in |22| on a further circle. Recall that in D = 3 an Abelian vector 
is dual to a scalar and thus a vector multiplet can be dualized to a scalar multiplet. Hence 
the three-dimensional Lagrangian on the Coulomb branch can be entirely expressed in 
terms of chiral multiplets. The bosonic part of this Lagrangian is given in the Einstein- 
frame by 

( 3 ) _ . /773T / 1 o(3) _ n- A yA^yS 




= V<7 (3) ^ - G-^d m Z^d m Z^ , m = 0, 1, 2 , (B.6) 



where Z s are the complex scalar fields in the three-dimensional chiral multiplets. They 
contain the moduli of the four- dimensional heterotic theory $ 7 , the radius and the 

18 In fact \fh(E) is the heterotic D = 2 dilaton because e -2 *^ = e -2 *^!-^ = y/h(E)- The last 
equality is due to the Weyl rescaling relating the D = 4 Einstein- and string- frame metrics. 
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Kaluza-Klein gauge boson of S 1 combined into a complex scalar T and finally the scalars 
D a which reside in the chiral multiplets dual to the vector multiplets.0 Hence we have 
a decomposition Z s = (Q 1 ,T, D a ). Supersymmetry constrains the metric G^t, t° be 
Kahler, G^e = d^d^R^, and in terms of the scalars Z E the Kahler potential reads 

< 3 i = $) - ln[-i(T - f ) + \{D - DnRefyJmD - D) b ] . (B.7) 

C^ t can be further reduced on a second S 1 using the Ansatz 

,(3) _ ( g§ o 



9 ™ = { r* ) ' (R8) 

where //, v = 0,1 and r is the radius of the S 1 measured in the D = 3 Einstein- frame 
metric. There are no new Kaluza-Klein gauge bosons in this reduction since they contain 
no physical degree of freedom. Inserting ( |B.8|) into ( p.6| ) results in 

££1 = ^r[\R {2) ~ G-^Z'^Z^ . (B.9) 



Choosing the conformal gauge 

and using the relation r = e" 2 ®^ between the radius of the circle measured in the D = 3 
Einstein-frame metric and the D = 2 heterotic dilaton defined in equation (^) one derives 



9$=e°V,v, (B.10) 

s(2) 



£ (2) = e -2< 2 2 



- l -d^a-G-^d,z K d»z* 



fB.ll^ 



The physical degrees of freedom are exactly the same as in D = 3. Also the fact that all 
scalars Z s are members of chiral multiplets is inherited from D — 3. Thus in contrast 
to equation ( |B.5| ) no twisted chiral multiplets occur and the moduli space is therefore a 
Kahler manifold. In fact the sigma-model geometry is unchanged in the reduction from 
D = 3 to D = 2, that is is the same Kahler metric with the same Kahler potential 
as in D = 3. 



C Dimensional reduction of type IIA supergravity 
on Calabi-Yau fourfolds 



In this appendix we present some of the details of the dimensional reduction of the type 



IIA supergravity Lagrangian (|14D on Calabi-Yau fourfolds including the (2, l)-moduli 
which have been neglected in the main text. We follow closely the procedure applied in 



ref. |39| , |22fl for compactification of type IIA on Calabi-Yau threefolds. Starting from the 
Ansatz 











(C.l) 



19 For the exact definition of the fields T and D a see 1 22 
nition T, D a iT, iD a here. 



Note however, that we performed a redefi- 
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for the D=10 space-time metric one considers infinitesimally small deformations of the 
metric 

where g^j is a background metric and 5g^ its deformation. Demanding that 5gf^ 
preserves the Calabi-Yau condition one can expand it in terms of non-trivial harmonic 
forms on Y±. It is convenient to introduce complex coordinates £j (j = 1, ... ,4) for Y± 
defining ^ = ^=(y 2 j-i + W2j)- F° r the deformation of the Kahler form one has0 



1.1 



•*0fr=X;<&M A (x)eJ , (C.3) 



where e A is an appropriate basis of H l,1 {Yi) an d M A (x) are the corresponding real moduli. 
For the deformations of the complex structure one has 

a=l 

where Z a (x) are complex moduli and b~ is related to the basis $° of H 3,1 {Y^) by an 



appropriate contraction with the anti-holomorphic 4- form Q on Y4 [40 



' ^>fcim,r.ct lol2 ^ <~> r\ijkl 



b~ = -gjnjinr^ . I°r = ^n^n*" • (c.5) 

The 3-form C3 is expanded in terms of the (2,l)-forms More precisely 



2.1 



ft 2 ' 1 ft : 

1=1 1=1 

Finally the antisymmetric tensor is expanded in terms of the (l,l)-forms e A according to 

B tJ =Y,a A (x)e A . (C.7) 

A=l 

Again the vectors are neglected because they do not propagate in D = 2. 

The dimensional reduction is performed by inserting ( |C.1| ), ( |C.6| ) and ( |C.7| ) into (|i~4|). 
One has to take into account, that the (2,l)-forms depend on the complex structure of the 
Calabi-Yau. The basis ty 1 of (2, l)-forms can locally be chosen to depend holomorphically 
on the complex structure or in other words 

O^ 1 = , dz^ 1 . (C.8) 

The derivative dz^ 1 can be expanded into (1, 2)- and (2, l)-forms with complex-structure 
dependent coefficient functions a and r 

d za ¥ = a aIK (Z } Z) V K + r alL (Z, Z) ^ L . (C.9) 
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In the following we omit the superscript (8) at the internal metric. 
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We define a metric Gjj and intersection numbers d AI j on the space of (2, l)-forms 



G u = i / tf, A **.,. (CIO) 



They are related via |22 



Iaij = / e A A* 7 A*j- 



G;J=-^A/jM A . (C.ll) 

Because of (|C.9|) they depend on the complex structure moduli Z a . Using ( |C.10|) and 
(|T7|) the dimensional reduction of ( fT3| ) yields 



- V 77 ^ (Gu-D^D^N 1 + ^<W^a A [jV'Z^iV" 7 - N J D u N T j j , (C.12) 

where 

D^N 1 = d^N 1 + N K a aKI (Z, Z)d^Z a + N L f m {Z, 2)3^ . (C.13) 

(2) 

As in the heterotic case there are two terms, one has a factor e~ 2 *nA and the other one 
not. Again both can seperately be expressed via a potential. We define 

K[ 1A = -ln[[ QAQ]+\nV, (C.14) 

Kl 1A = — ^=(t A i A ) ^^d^jj^G^jG^N^ ^ luajkN 1 N K &aJL^^^^\ , 

where we have introduced new coordinates 

N 1 = G IJ (Z,Z)N\ (C.15) 

with 

G I j = --d AI - J c A (C.16) 

and c A is a constant nonzero vector. The ujaik are functions of Z a and Z a which have 
to obey 

dz^Aix = —-^G Ll Gj K d AM if a j M , (C.17) 

but are otherwise unconstrained. 

With the help of A"" A and Kf x and denoting collectively the fields (Z a , N 1 ) as $ s 
the Lagrangian ( |C.12j ) can be expressed as 



4a = e~ 2 *^ f-^^r - (d^^ 

- (^ E a 4A ^ IA )^$ s ^<l A + e^(a 4 A«9 t A^ IA )^ t <l A ^t A (C.18) 
+ e^{d^d- t AK l ^)d^ K d v i A , 
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where the conformal gauge has been chosen 



gj$ = e°e™lik v ^. (C.19) 

This is of the form given in |]20| , p6| and the terms proportional to e pv display the fact 
that the <3> s reside in chiral multiplets whereas the t A are members of twisted chiral 
multiplets. These are the coordinates which are relevant for this paper. 

It is however possible to express the D = 2 effective action ( |C12| ) by chiral multiplets 
only. For this purpose it is necessary to dualise the scalars a A . This is possible, because 
they only appear via their 'field strength' <9 M a A in ( |C.12| ). One adds —F A d' 1 P A to ( |C.12| ), 
where P A is a Lagrange multiplier and F Ap = e pp d^a A . Then one eliminates F A via its 
equation of motion in favour of P A . Rescaling the M A according to0 

M A = e~ 2 ^M A (C.20) 



rescales the couplings as follows 



Gab = G AB e^ 
Gjj = G Ije -^ , (C.21) 



y = e -8/3^ V = e -2/3^ e 



IIA 



Finally, we choose a different conformal gauge for the two-dimensional metric 

g m = e^e^ie^ . ( C .22) 



Inserting these field redefinitions into ( |U.12| ) and performing the duality transformation 
yields 



'-'IIA e 



■-d^a - G a pd,Z a d p Z? - V-'GjjD.N'D^N 7 



^ In Vd p In V - ^G AB d^M A d^M B (C.23) 

J_ „, 1 
2V 2 



(d»P A + -d AKL (n k D,N L - D,N K N L 

G AB {d^P B + \d BI j (V/W J - D P N T N J 

This is exactly the effective action one gets by first reducing D = 11 supergravity on the 
Calabi-Yau fourfold to D = 3 as performed in |22] and then reducing on a further circle. 



To see this one has to use the relation between the D = 2 type IIA dilaton and the radius 

(2) 

r of the circle measured in the D = 3 Einstein- frame metric r = e _2<I> iiA. In addition one 
has to choose the D = 2 M-theory metric as 



9mI = ^ ■ (C24) 



The M A are precisely the Kahler moduli of M-theory used in |2S 
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It is clear from the discussion in [22 that one can write ( |C.23| ) in the form 



'"IIA e 



(C.25) 



where G As = d A dxK$ and Z s = {T A , N 1 , Z a } with 



K 



g J = - ln[ / Q A Q] - In 



E A VG 



E A = - % {t a -T a 
1 



■^j^ d AMLGj l M G L )N I N J 



umkN 1 ^ + uj Aj - L N J N 



7=8 



T 



- P A + iVG abM b + -^G^G^iV^iV- 7 + i WAf * JV'iV* 



(C.26) 



In the coordinates Z s the moduli space in D = 2 is Kahler and has the same Kahler 
potential as in D = 3.Q Therefore the discussion of duality between the heterotic and 
type IIA theory in D = 2 using the variables of ( |B.11| ) and (|C.25| ) proceeds exactly along 
the same lines as in [||. Finally comparing ( |C.25|) with ( |B,11|) shows 



-2<I> 



(2) 



2* 



(2) 



e hct — g ^^IIA 



(C.27) 



This can also heuristically be derived from the duality between the heterotic and type IIA 
theory in D = 6. This duality maps the string-frame metrics according to g^ t = e 2 * hct gn A 
and the dilatons are related via = — ^nl- Starting from the effective action in D = 6 
and compactifying further on a four-dimensional manifold B one derives 

s = / a v^ffi e -a « + •••) 



/ rf^v^^ 2 *"*'*^ + • • •: 

/dW^- 2< vs +...). 



On the other hand the duality relations given above yield e~ 2<I> Uy]f 



2*&! i ;IIA 



iiaV 
metrics. 



e _2<I> iiA ; where all volumes are measured in the respective string-frame 



(C.28) 



e^etynA 



B 



Note that in comparison with 6^] we have here redefined the coordinates T A — > iT^ 1 . 
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